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k = l  

1 I-k 

C 1Ck i-k Cp (-1 ) '-k-p{ (O,n) ao(q) J'-p( a "(q))P] (B.9) 

Changing the order of the summations from Ek=,ct;=", to 
~ ~ ~ o ~ ~ - L ' l  and making use of the equality 

1-P 
E lCk 1+Cp(-1)'-k = -&(-l)l 

k = l  

k=l p=o 

(B.lO) 

we obtain 

Multiplying eq B. l l  by the number of ways selecting 1 

molecules out of m molecules, "C1, gives the right-hand side 
of eq B.1. 

With the cases 1 and 2 we have proved the equality B.l. 
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ABSTRACT A previously developed theory of fractionation of flexible homopolymers by gradient elution 
high-performance liquid chromatography (HPLC) is extended to include intermolecular polymer-polymer 
interactions and hence be applicable to polymer solutions of finite concentration. The analysis predicts that 
in favorable mobile-phase solvent environments, the retention time or capacity factor should increase with 
polymer loading. The theory also suggesta the potential utilization of HPLC to obtain osmotic second virial 
coefficients and hence average molecular volumes of flexible polymer molecules in dilute solution. Also briefly 
considered is the possibility of verification by HPLC of the osmotic pressure equation of state in semidilute 
polymer solutions where scaling concepts are applicable. Chromatographic measurements of osmotic second 
virial coefficients are expected to become more difficult as the degree of polymerization increases, and equation 
of state measurements in semidilute solutions would require careful operational selection of the mobile-phase 
composition to achieve low polymer retention at relatively high loading of polymeric solute. 

I. Introduction 
The transition between infinitely dilute solutions of 

isolated flexible polymer molecules to semidilute solutions 
where different polymer molecules begin to interpenetrate 
substantially occurs in good solventa for a volume fraction 
of chain monomers given by @ - M4.s, where M is the 
degree of po1ymerization.l Thus departures from infinite 
dilution can be anticipated for small values of @ when M 
is large (e.g., when lo3 I M I  lo5, 4 X 1 @ 1 1 X lo4). 
High-performance liquid chromatography (HPLC) has 
been successfully applied to the reversed-phase fraction- 
ation of polystyrene homopolymers using gradient elution 
with mixed methylene chloride-methanol mobile phases,2 
and a theoretical interpretation of the separation process 
has been introduced on the basis of assumption of infinite 
dilution of polymer s01ute.~ Preliminary HPLC mea- 
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surements of the retention time of polystyrene homo- 
polymers distributed between a chemically bonded C-18 
stationary phase and a methylene chloride-methanol 
mixed mobile phase indicate that the retention increases 
with the amount of polymer loaded into the ~ o l u m n . ~  The 
polystyrene samples had M values in the range 600 I M 
I 8600 and, assuming a molar volume for styrene mono- 
mers of 125 cm3/mol, @ values in the range 3 X < @ 
< 3 x Thus for the higher polymer loadings @ > 
M4.8, which indicates these samples were semidilute. The 
purpose of the present analysis is to extend a recent theory 
of HPLC homopolymer fractionation3 to include inter- 
molecular polymer-polymer interactions. 

In section I1 we apply the McMillan-Mayer the0ry3.~ to 
dilute (but not infinitely dilute) polymer solutions and 
scaling theory' to semidilute polymer solutions to derive 
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in the limit where the mobile-phase composition is suffi- 
ciently enriched in the better polymer solvent to render 

11. Derivation of the Capacity Factor for  
Flexible, Chainlike Polymer Molecules as a 
Function of Polymer Concentration 

Here we derive an expression for the capacity factor K 3  
for flexible, chainlike polymer molecules with degree of 
polymerization M distributed between a binary solvent 
mobile phase and a stationary phase composed of a ho- 
mogeneous planar surface and an adsorbed solvent mon- 
olayer. Application of the McMillan-Mayer theory5 to 
dilute polymer solutions ultimately leads to a virial ex- 
pansion for the osmotic pressure II, (a = m, s) in each 
chromatographic phase 

K3 -+ 0. 

II,/kT = C3e/M + CB'a(X1,,M,T)(C3a/lM)' (1) 
122 

where Ck (a = m, s) is the number density of monomers 
comprising the polymer chains in each chromatographic 
phase, Ck/M is the number density of polymer coils, and 
the B,(X,,,M,T) ( 1  = 2, 3, ...; a = m, s) are the osmotic 
virial coefficients which depend on M, T, and the solvent 
composition on a volume fraction basis X1,  (a = m, s) in 
each chromatographic phase. Even in binary solvent- 
polymer solute systems the Bl, will depend on the com- 
position of a single solvent a t  least to the level of ap- 
proximation applied in the subsequent analysis. The 
chemical potential of the polymer solute p3, (a = m, s) in 
each chromatographic phase can be obtained by inte- 
grating the thermodynamic relationship 

an explicit expression for the capacity fador K3 for flexible, 
chainlike polymer molecules distributed between a binary 
solvent mobile phase and a stationary phase consisting of 
a homogeneous, planar surface. The dependence of K3 on 
intermolecular interactions between different polymer 
molecules appears through temperature and solvent-com- 
position dependent osmotic virial coefficients Bl, ( 1  = 2, 
3, ...; a = m, s) associated with interacting clusters of 1 = 
2,3,  ... polymer molecules in each chromatographic phase 
(m - mobile, s - stationary). The first correction from 
infinite dilution involves the second osmotic virial coef- 
ficients, BZm and Ba, associated with interacting pairs of 
polymer molecules in each chromatographic phase. The 
virial coefficients Bzm and Ba can be determined from the 
potentials of mean force Wm(r) and Ws(r), which represent 
the reversible work required to bring the centers of mass 
of two isolated polymer molecules in solution together from 
r = to a distance r in the mobile and stationary phases. 
An approximate calculation6 of W,(r) and hence B, (a = 
m, s) is performed by assuming the polymer molecules and 
associated solvent molecules can be described by spherical 
or thin cylindrical gels of uniform polymer segment den- 
sities in the mobile and stationary phases, re~pectively.~ 

In good solvent environments B2, and Bzs are positive 
indicating that polymer-polymer interpenetration is re- 
pulsive. At sufficiently low polymer concentration, C3, 
where only polymer pair intermolecular interactions con- 
tribute appreciably, K3 is greater than (less than) its value 
at infinite dilution, K3-, whenever the mobile-phase solvent 
composition, Xlm, is sufficiently enriched (depleted) in the 
better polymer solvent (e.g., solvent 1) so that polymer 
retention in the stationary phase is small (Le., K 3  << 1 )  
(large(i.e., K3 >> 1)). These results have a simple physical 
interpretation: when K3 Q< 1 (K3 >> l ) ,  the polymer solute 
is predominantly in the mobile (stationary) phase and the 
repulsive intermolecular pair interactions tend to enhance 
precipitation (dissolution) into the stationary (mobile) 
phase relative to the situation prevailing at  infinite dilu- 
tion. These predictions are consistent with the increased 
retention observed with increased polymer sample loading: 

At higlier polymer concentrations higher order osmotic 
virial coefficients, Bin (1 = 3, 4, ...; a = m, s) must be in- 
cluded to obtain K3. The Bl, ( 1  = 3, 4, ...; a = m, s) are 
estimated by applying the Carnahan-Starling equations 
of state for hard spheres and diskssJ to obtain the osmotic 
pressure expansions for polymer molecules in the mobile 
and stationary phases, respectively, and from these virial 
expansions the capacity factor K3. However when the 
polymer concentration becomes sufficiently large so that 
@ > M4s8, the virial expansions become inaccurate and an 
analysis based on scaling arguments' must be invoked to 
obtain the osmotic pressure equations of state and ulti- 
mately K3 for polymer solutions in the semidilute con- 
centration region. 

In section 111, we apply and discuss the analysis de- 
veloped in section I1 to obtain and interpret theoretical 
K3 - X I ,  isotherms for selected values of M and C3. The 
transition from high to low retention is predicted to 
broaden as C3 is increased, and ita implications on chro- 
matographic measurements of the retention time are 
briefly considered. The broadening of the isotherm reflects 
the transition from the region of dilute to semidilute 
polymer solutions. We also investigate the dependence of 
K3 on C3 for fixed mobile-phase compositions and discuss 
the possibility of employing chromatographic measure- 
ments to determine the second osmotic virial coefficient 
for polymer moelcules in dilute solution by extrapolation 
to obtain the limiting slope of In K 3  vs. C 3 / ( l  + K3)  plots 

to obtain 

~ 3 a / k T  = 
In N3a + In K ,  + C(l+ l/OBl+la(C3a/lM)' (3) 

where N3, = C3,Va/M represents the number of polymer 
molecules in each chromatographic phase of volume V ,  and 
K, denotes an integration constant which is determined 
from the chemical potential in the limit of infinite dilution 
of solute. The equilibrium distribution of solute between 
the chromatographic phases is obtained by setting p3m = 
p J S ,  and after slight rearrangement 

121 

K3 I N3,/N3m = 
K3- exP[C(l + 1/'!)(Bl+lm(C3m/lM)' - Bl+is(C3~/lM)'!I 

121 
(4) 

K3- I Ks/Km I limN,+,N3m+ N 3 s / N 3 m  ( 5 )  

represents the capacity factor in the limit of infinite di- 
lution of solute. An explicit expression for K3- has been 
derived from a previous analysis3 and will be discussed 
later. 

The concentrations C,/M and C,/M can be eliminated 
from eq 4 by using K 3  = N3a/N3m = C3,V,/C3,Vm and 
invoking mass conservation of polymer solute, C3V3/M = 

express 

where 

((C3m/iW(Vm/(Vm + Vs)) + (C,/M)(Vs/(Vm + Vs)))V39 to 

(6) 
1 + 4  K3 

1 + K 3  4 -c3 c3 cas = - 1 + 4  
c3, = - 

1 + K3 
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where = V,/ V, is the chromatographic phase ratio and 
C3V3 represents the total number of polymer solute mo- 
nomers introduced into the chromatographic system. 
Hence eq 4 can be expressed as 

1 

Thus corrections to the capacity factor which result from 
solute-solute interactions can be obtained provided the 
osmotic virial coefficients (a = m, s) are available or 
can be estimated. When C,, the concentration of polymer 
monomers loaded into the column, is sufficiently dilute so 
that [(l + @)/(1 + K3)](C3/1K) << 1 only the leading term 
in the virial expansion summation contributes appreciably 
and 

These results for K3/KSm are only valid when the virial 
expansion for the osmotic pressure holds. If, however, the 
volume fraction of polymer in either chromatographic 
phase solution becomes sufficiently large, the osmotic 
pressure becomes independent of M and scaling arguments 
must be employed to determine the limiting form of the 
equation of state' and ultimately the capacity factor. 

We estimate BO,, BZs, and the higher osmotic virial 
coefficients by extending a previously developed theory3 
of the equilibrium distribution of isolated, flexible polymer 
molecules between a binary solvent mobile phase and a 
stationary phase consisting of a homogeneous planar 
surface and an adsorbed solvent monolayer. In this model, 
a polymer molecule located in the mobile (stationary) 
phase is assumed to be a spherical (thin, cylindrical) gel 
of uniform polymer segment density which is penetrated 
by the solvents and has a diameter R, (diameter R, and 
thickness d) .  The equilibrium values of R, and R, are 
those which minimize the total Helmholtz free energies of 
an isolated polymer molecule and associated solvents in 
the mobile and stationary phases, respectively. We assume 
that the free energy in each chromatographic phase con- 
sists of a sum of an entropic, energetic, and elastic con- 
tribution associated with the swelling of the polymer from 
its equilibrium dimensions by solvent uptake in favorable 
solvent environments. The configurational behavior of the 
isolated polymer-associated solvent systems in each 
chromatographic phase was estimated with Flory-Huggins 
lattice s t a t i ~ t i c s . ~ , ~  Nearest-neighbor solvent-solvent, 
solvent-polymer segment, polymer segment-polymer 
segment, solvent-surface, and polymer segment-surface 
interactions were included by using the Bragg-Williams 
random-mixing approximat i~n .~~~ The molecular volumes 
of the solvents and the monomer segments were assumed 
to be comparable, and the transfer of a polymer molecule 
from one chromatographic phase to the other was assumed 
to proceed with the concomitant displacement of M solvent 
molecules from the phase entered by the polymer. 

The second osmotic virial coefficients B2,  and B,, are 
given byg 
B2m E Bzm(X1mNjT) = 

(-1/2)_(Dm(exp[-W,(r,Xl,,M,T)/kT] - 1)4ar2 dr (9a) 

and 

where Wa(r,Xla,M,T); a = m, s are potentials of mean force 
which represent the reversible work required to bring two 
isolated polymer molecules from r = m to a distance r 
between their centers in the corresponding chromato- 
graphic phase. The potentials of mean force depend on 
T,  M ,  and the solvent composition, and they are evaluated 
from the change in the Helmholtz free energy which occurs 
when two polymer molecules attain an overlapping con- 
figuration where 0 I r I R, (a = m, s) starting from an 
infiiite separation. We also assume that the overlap occurs 
without distortion of the molecular configuration or 
polymer segment distribution and that the solvent com- 
position for mixed solvents remains equal to the bulk so- 
lution value. If Va&) represents the overlap volume of 
two polymer molecules whose centers are separated by a 
distance 0 I r 5 R, (a = m, s), then the potential of mean 
force, which is the free energy change resulting from the 
overlap, can be estimated from5 

with 

AA,(i)/kT = cNja(i) ln X .  ( i )  + (X12aXla(i)X 2a (i) + 2 

j=1 
l a  

x ~ ~ ~ X ~ ~ ( ~ ) X ~ ~ ( ~ )  + x ~ ~ ~ X ~ ~ ( ~ ) X ~ ~ ( ~ ) )  Vao(r) / (ab3/6) 

where 
2 

j=1 
Xla(i) = Nla(i)(iM + C N .  la  (i))-l 1 = 1, 2 (loa) 

2 

j=1 
X3a(i) = iM(iM + cNja(i))-l i = 0, 1, 2 (lob) 

are the volume fractions of solvents 1 and 2 and polymer 
segments when N1Ji) and N2a(i) (i = 0, I, 2) type 1 and 2 
solvent molecules are present in the overlap volume V,, 
when polymer segments are simultaneously contributed 
from either i = 0, 1, or 2 polymer molecules, respectively. 
The quantity ab3/6 represents the volume of a monomer 
unit and is assumed to be comparable to the molecular 
volumes of both type 1 and 2 solvent molecules. Also the 
xija = -(C,/kT)[(Wii + Wji)/2 - Wii] (i a n d j  = 1, 2, 3; a 
= m, s) are reduced pair interchange energies between 
solvent molecules (1 or 2) and/or polymer segments (3), 
where Wij represents the nearest-neighbor pair interaction 
energy between species i and j ,  and C, (a = m, s) is the 
lattice coordination number for each chromatographic 
phase (C, = 6 and C, = 5 for a cubic lattice). We also 
assume that X3a(2) = 2X3a(1)Xia(2) = [(l - 2X3a(1))/(l - 

X3s(1)]Xia(2), i = 1, 2, and Xia(l) = (1 - X3,('))Xia(0), i = 1, 
2. Substitution into eq 10 gives after some reduction and 
use of the approximation In (1 - u )  E -u - u2 / 2  for u = 
X3,(l) and 2X3a(1): 
Wa(r,Xla,M,T) = 

2V,,(r)(ab3/6)-1g,(Xla)(X3a(1))2 0 I r I R, 

= O  r > R ,  ( I la )  
where 

g a ( x 1 a )  = 1/2 - XlaX13' - (1 - Xla)X23' + 
Xla(I - Xla)~12a  a = m, s ( I lb)  

and where we have identified Xla(0) = X la and X2a(0) = X, 
= 1 - X,, with the volume fractions of the mixed solvents 
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B2, = 27rb3g,3/5(X1,)MI.8F/3 ( 2 1 )  

with 

F E F(Xl,,M,T) = 

1 - 3 1 l d x  x 2  e ~ p [ - 2 g , ~ / ~ ( X ~ , ) i W ~ ( l  - (3x - x 2 ) / 2 ) ]  
0 

and 

B2, = (r/2)b2dgs1/2(Xl,)M1.5H ( 2 2 )  

with 

H = H(Xls,M,T) = 1 - 2 1  dx x 
1 

0 
e~p[-2(2b/3d)g,'/~(X~,)MI/~(l - 2 r - l [ x ( l  - x 2 ) l l 2  + 

arcsin X I ) ]  
The functions 1 - (3 /2)x  + x 2 / 2  and 1 - 27r-l[x(l- x 2 ) l l 2  + arcsin x ]  are nonnegative over the range of integration 
0 I x 5 1, and for good solvent environments 0 C F- 
(X1,,M,T) I 1 and 0 C H(XIB,M,T) I 1. Furthermore 
F(X1,,M,T) - 1 and H(X,,,M,T) - 1 as M - m, and in 
this limit Ba - (2/3)rRm3 and B,  - rR,2d/2, which are 
the second virial coefficients for impenetrable hard spheres 
and thin disks, respectively.' In general, for good solvents 
B2, and B2, are both positive and interpenetration of 
different polymer molecules in dilute solution is discour- 
aged. 

More sophisticated models have been employed for 
determination of the second osmotic virial coefficient for 
dilute polymer s o l u t i ~ n s . ~ J ~  However, we do not consider 
them here because they would exceed the scope of the 
analysis utilized to obtain K3m.3 

For positive B2, and BPs we observe from eq 8 that 
intermolecular polymer-polymer pair interactions decrease 
(increase) retention relative to K3- when high (K3 > 1)  (low 
K3 C 1)  retention in the stationary phase prevails. These 
tendencies suggest a simple physical interpretation. At 
sufficiently high polymer concentration and when K3 > 1, 
repulsive intermolecular interactions between different 
pairs of precipitated polymer molecules tend to promote 
entry into the mobile phase relative to the situation at  
infinite dilution. However when K3 < 1,  repulsive inter- 
molecular polymer-polymer pair interactions in the mobile 
phase can promote precipitation into the stationary phase 
relative to the infinite dilution limit. Clearly at a mo- 
bile-phase composition where B2, = (K3/+)B2, a balance 
exists between these two opposing tendencies to retard and 
promote polymer retention, and the retention behavior 
corresponds to that predicted at  infinite dilution. 

Equation 8 applies only when B2,C*/M << 1 (a = m, s); 
otherwise, higher order terms in the virial summation of 
eq 4 must be included and this requires evaluation of the 
higher order osmotic virial coefficients. If the polymer 
molecules in the mobile and stationary phase behaved 
respectively as perfectly impenetrable hard spheres and 
hard disks, then the third" and higher order osmotic virial 
coefficients, BL+l, and Bl+l, (I I 2 ,  3, ...), might be rea- 
sonably approximated by the virial coefficients for a ho- 
mogeneous hard sphere and hard disk fluid6,' 

B3m = S/gB2m2, B4m = 9/3&m3, B5m = 7/64B2m49 
B6m 5/128&m5, etc. 

Bzs = W32s2, B4s = Y2BZs3, B5s = 71d3284, 

B,, Y1d32S5, etc. 

Furthermore in terms of the dimensionless parameters Y, 
= Bz,C3,/4M and Y, = B2,C3,/2M 

in the absence of polymer. The overlap volume for two 
interpenetrating spherical polymer coils in the mobile 
phase is from elementary geometrical  consideration^^^^ 
Vmo(r) = (7rRm3/6)[l - (3 /2 ) ( r /Rm)  + ( 1 / 2 )  X 

0 I r I R ,  ( 1 2 )  

The overlap volume for two interpenetrating pancake- 
shaped polymer molecules is obtained from the area com- 
mon to two intersecting circles 

V,(r) = ( rR:d/4) [1  - 27r-I{(r/R8) X 

( 1  - ?/R:)1/2 + arcsin ( r /R , ) ) ]  0 I r I R, (13) 

Substitution of eq 1 1 , 1 2 ,  and 13 into eq 9a and 9b gives 
upon introduction of the reduced integration variable x 
= r / R ,  (a = m, s) 

(r /R,)3]  

1 
B2m(Xlm,M,T) = -2rRm3J dx 

~~{exp[-2(b/R,)~Wg,(X~,)(l- ( 3 x  - x 2 ) / 2 ) ]  - 1 )  = 
2rRm3F(X1mN,T) / 3  (14) 

and 

B~,(XI, ,M,T) = -rR,ldJ1dx 
x{e~p[-2(2b~/3R,~d)Wg~(X,,)(l - 27r-l(2(1 - x 2 ) l l 2  + 

arcsin x ) ) ]  - 1)  = rR,2dH(X1,,M,T)/2 (15) 

where we have also expressed X3,(l) 3 M(b/R,)3 and Xg(l)  
E M(2b/3d)(b /RJ2 and have defined 
F F(Xl,,M,T) = 1 - 

3J'dx x 2  e~p[-2(b/R,)~Wg,(X~,)(l- (3x - x 2 ) / 2 ) ]  

(16) 
and 

H E H(Xls,M,T) = 1 - 21 dx x 
1 

0 
exp[-2(2b3/3R:d)Wg8(Xls)(1 - 27r-'(x(l - x2)1/2 + 

arcsin x ) ) ]  (17) 

The equilibrium dimensions of an isolated polymer 
molecule in either chromatographic phase are expanded 
relative to its unperturbed dimensions in good solvent 
environmentsa8 In particular 

Rm3 = g,3/5(Xl,)M1.8b3 = g,3/5(X1,)A@3(Rm2)os/2 (18) 

and 

RE2 = gs1/2(X,,)M.5b2 = g,1/2(X1,)Mo.5( R,2)o (19) 

where ga(Xla) > 0 (a = m, s) for good solvent environments 
and (Rm2)o = (R:)o = Mb2 represent the equilibrium av- 
erage square end-to-end separation of an unperturbed 
polymer coil in three and two dimensions. The solvent 
environment is favorable for polymer molecules in chro- 
matographic phase a (a = m, s) whenever 

Xla I ha + x23' - x13' - ( (X lZ"  + x23' - x13a)2 + 
4xlze(1/2 - X 2 3 8 ) ) 1 ' 2 ~ / 2 X 1 2 a  x l z a  z 0 

x1a 2 ( X 2 S a  - 1/2)/(X23' - X I S a )  X12' = 0 (20) 
If only a single solvent were present (e.g., l ) ,  then the 
condition for a favorable solvent environment reduces to 
g,(X1, = 1 )  = 112 - ~ 1 3 '  > 0, which is the familiar Flory 
criterion.8 

Substitution of eq 18 and 19 into eq 14 and 15, re- 
spectively, gives 
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II,/kT are independent of M. Furthermore 
( I I , / k  5“) [ (tr/6)b3] = Agm3/4@m9/4 (31) 

and 

(II,/kT)[(a/6)b3] = Bg,2(3d/2b)2@,3 (32)  

where @a = (7r/6)b3C3, (a = m, s) represents the volume 
fraction of monomers in each chromatographic phase. 

We assume that H,/kT is given by eq 25 for 0 I Y, I 
Y,* where 0 CYm* < 1 and by eq 31 for Y,  I Ym* and 
similarly that II,/kT is given by eq 26 for 0 5 Y,  I Y,* 
where 0 C Y,* < 1 and by eq 32 for Y,  I Y,*. The con- 
stants A and B are chosen so that the osmotic pressures 
given by eq 25 and 31 and eq 26 and 32 are continuous at  
Y,  = Y,* and Y,  = Ys*, respectively. Hence A (1  - 
Y,*)-3[l + Ym* + Y,*z - Y,*3] (Y,*/F)-5/4 and B [ l  - 
Y,*]-2(H/ YS*l2, and 
II,/kT = (C,,/M)[(l + Y, + Ym2 - Ym3) X 

(1 - y,)-3e(ym* - Y,) + (1 + Y,* + ~ , * 2  - ~,*3)(1 - 
Y,*)-3(Ym/Ym*)5/48(Y, - Y,*)] (33) 

and 

n,/kT N (C3, /M)[l  + 4Y, + 10Ym2 + 18Ym3 + 
m 

28Ym4 + 4OYm5 + . .a]  ( C , m / M ) [ l  + C(12 + 3l)Ym’I 
1=1 

(23)  

and 
I I , /~T  N (C3, /M)[1  + 2Y, + 3YS2 + 4YS3 + 5Y,4 + 

m 

6YS5 + ...I N (Cs , /M)[1  + C(I + lIY,’] (24)  
1=1 

Comparison of eq 23 and 24 with eq 1 indicates that the 
higher order osmotic virial coefficients can be related to 
Bzm and B2, by 

and 

can be performed to give the Carnahan-Starling equations 
of state for hard spheres6 and disks7J2 
n m / k T  = ( C 3 m / M )  X 

[l + Y ,  + Ym2 - Ym3]/(1 - Y,)3 0 5 Y ,  < 1 (25)  

and 

lI , /kT = (C3 , /M)[ l  - Y,]-2 0 I Y,  C 1 ( 2 6 )  

The dimensionless parameters 
Y,  = &,C3,/4M = (a/6)b3C3g,315(X,,)M0.s(l + 

@)F(1 + K3)-’ = Bz,C3(l + r$)/4M(1 + K3) (27) 

and 
Y,  = BzsC3,/2M = (a /6)b3(3d/2b)C~,1/2(X1a)~~5(1 + 
4)H(K3/r$)(1 + K3)-l = Bz,C3(1 + r$)K3/(2M4(1 + K3)) 

(28) 

increase with M for a given C3, 4, and K3, indicating that 
higher order virial corrections to the osmotic pressure 
become more important for solutions and precipitated 
monolayers of higher molecular weight homopolymers. 
Clearly (B,m/4M)(1 + 4)C3 and (B2,/2M)[(1 + 4)/4lCs 
respectively represent the maximum values of Ym and Y,. 

When Y, I 1 or Y,  I 1 or when Y,  or Y,  becomes 
sufficiently large so that the virial expansion of the osmotic 
pressure becomes either inapplicable or inaccurate, it is 
necessary to modify the osmotic pressure so that it be- 
comes independent of M. The correct limiting equations 
of state can be deduced from a scaling analysis’ by setting 

( 2 9 )  
C3m 

nm/kT = Mf(Ym/F(X,mJf ,T) )  

or 

(30) n, /kT  = ~ h ( Y , / H ( X i , f l , T ) )  

where f(Ym/F(X1m,M,T)) and h(YS/H(X1,,M,T)) are 
functions whose asymptotic forms for large Y,/F and 
Y,/H are f(Ym/F) = A(Y,/F)’ and h(Y,/H) = B(Y,/W6, 
respectively, where X and 6 are selected to render the os- 
motic pressures in each chromatographic phase indepenent 
of M and A and B are constants independent of M. Thus 

B(C,/M)[(?r/G)b ((d/2b)/3)C3eg:/2M0.5]6 and the selections 
X = 514 and 6 = 2 will respectively ensure that nm/kT and 

c3s 

II,/kT- A ( C ~ , ~ M ) [ ( X / ~ ) ~ ~ C ~ ~ , ~ ’ ~ M ~ . * ] ’  and II,/kT -+ 

II,/kT = ($)[(l - Y,)-2e(YS* - Y,) + 
(1 - y,*)-2(y,/ys*)2e(y, - Y,*)] (34) 

where 0 ( x )  = 1, x > 0, and 0, x < 0, is the Heaviside unit 
step function. The selections of Ya* (a = m, s) are arbitrary 
within the range 0 C Y,* < 1 and reflect the uncertainty 
about the osmotic pressure equation of state for polymer 
solutions as the transition from dilute to semidilute solu- 
tions in both three and two dimensions 0ccurs.l 

The chemical potentials p3, (a = m, s) are obtained by 
integrating eq 2 by using eq 33 and 34, respectively, and 
are given by 

p 3 , / k T  = In K,  + In N3, + P(Ym,Ym*) (35)  

where 

P(Y,,Y,*) E Y,(8 - 9Y, + 3Ym2) X 
(1 - YJ36(Ym* - Y,) + [Y,*(8 - 9Y,* + 3Y,*2)(1 - 

Y,,,*)-3 + ( 9 / 5 ) ( 1  + Ym* + Y,*’ - Y,*3) X 

( 1  - Y,*)-~((Y,/Y,*)~/~ - i ) ]e (y ,  - Y,*) 

and 
p 3 , / k T  = In K, + In N3, + R(Y,,Y,*) (36)  

where 
R(Y,,Y,*) = [(3Y, - 2YS2)(1 - Y,)-2 - In ( 1  - 

Y,)]O(Y,* - Y,) + [(3Y,* - 2Y,*2)(1 - Y,*)-2 - In ( 1  - 
Y,*) + ( 3 / 2 ) ( i  - Y,*)-~((Y,/Y,*)~ - i )]e(y ,  - Y,*) 

and K,  (a = m, s) has been introduced in eq 3. At equi- 
librium p3, = p3,, and equating eq 35 and 36 gives the 
capacity factor 

Nkl 
N 3 m  

K3 = - = K 3 * exP[P(Y,,Y,*) - R(Y,,Y,*)l = 

K3- exp[P(Bz,C3(1 + 4)/4M(1 + K3),Ym*) - 

where the latter form of eq 37 follows from eq 27 and 28 
and demonstrates that K3 can be determined implicitly 
from this equation as a function of M ,  C3, solvent com- 
position, and K,”. 

A previous analysis provides an explicit expression for 
the capacity factor Ksm at infinite dilution of polymer 

R(B2,C3(1 + 4)K3/2M4(1 + K3),Ys*)I (37) 
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solute. When only the less polar, more favorable polymer 
solvent (e.g., 1, which is methylene chloride in the meth- 
ylene chloride-methanol-polystyrene system) is appreci- 
ably retained in the stationary phase 

K3m = exptlAIM(Ximc - X1m)l (38) 

where X1, is the volume fraction of solvent 1 in the mobile 
phase, Xlmc is a critical mobile-phase composition, which 
for a given temperature depends on M and the various 
interaction energies, and IAI depends primarily on the 
solvent-solvent and solvent-polymer segment pair inter- 
change energies and has only a weak M dependence which 
vanishes as M - m. 

Specifically for a cubic lattice 
Xlmc = Xlm: + aM-'I2 + bM-4/5 + cM-' (39) 

where 

Xlmcm = 
1 + (At(1,3;s)/kT + In ( 5 / 4 ) ) ( ~ 1 2 ~  + X13m - X23m)-1 

(40) 

and 

IAI = x~~~ + ~ 1 3 ~  - ~ 2 3 ~  + dM-4/5 + eM-' (41) 

Here x ~ ~ ~ ,  ~ 1 3 ~ ,  and ~ 2 3 ~  respectively represent reduced 
pair interchange energies in the mobile phase between type 
1 and 2 solvent molecules themselves and with polymer 
segments (3). Also Ae(l,3;s) is the free energy for adhesion 
of a polymer segment onto the stationary-phase surface 
with the concomitant displacement of a type 1 solvent 
molecule. The coefficients a, b, c, d, and e depend on the 
interchange energies, and coefficients b, c, d ,  and e also 
depend weakly on the mobile-phase solvent composition. 
Explicit results for these coefficients are given by eq 37 
and 44 of ref 3. 

The XImc-M dependence results from the molecular 
flexibility of the polymer molecule which permits it to alter 
its configurational geometry and size in response to its 
solvent and/or surface environments. For large M ,  K3- 
is either extremely large when 0 < Xh < X1, or extremely 
small when Xlmc < XI, I 1, and since Xlmc increases 
monotonically with M to an asymptotic limiting value of 
Xlmcm as M - a, fractionation of homopolymers of dif- 
ferent M is possible by chromatographic methods such as 
gradient elution HPLC or TLC in which the mobile-phase 
composition is systematically varied. 

111. Potential Chromatographic Applications 
Utilization of eq 38 for K3- permits evaluation of K3 or 

In K3 from eq 37 for a homopolymer (e.g., polystyrene) of 
fixed M in a mixed solvent environment (e.g., methylene 
chloridemethanol) either as a function of Xlm for constant 
C3 or as a function of C3 for constant XI,. Figures 1 and 
2 depict In K3-Xlm isotherms calculated for (polystyrene) 
homopolymers with M = 952 (molecular weight = 1.0 X 
lo4) and M = 8570 (molecular weight = 9.0 X lo5) for 
various values of C3 &e., polymer sample loadings) and for 
the reduced energies xlZm = 0.5, ~ 1 3 ~  = 0.0, xDm = 1.0, and 
At(1,3;s)/lzT = -0.1. These energy parameter selections 
are consistent with methylene chloride-methanol being 
completely miscible and for pure methylene chloride 
(methanol) being a good (poor) solvent for polystyrene and 
with methylene chloride and polystyrene having similar 
affinities for the surface. We have also set d = 2b/3,4 = 
0.53, and ab3/6  = (125 cm3/mol)/No, where No is Avoga- 
dro's number, to represent the volume of a (styrene) mo- 
nomer. The corresponding values of F,  H, Xlmc, and IAI 
calculated from eq 21, 22, 39, and 41 with the above se- 

'2 

X!m 

Figure 1. In K3-Xlm isotherms calculated from eq 37 for poly- 
styrene homopolymers with M = 952 and xlzm = 0.5, x13m = 0.0, 
xBm = 1.0, and Ac(l,S;s)/kT = -0.1 for the polymer loadings C3 
= 0, 1.0, 5.0,7.5, and 10 g/cm3. The isotherms were calculated 
by using d = 2b/3,4 = 0.53, (r/6)b3 = (125 cm3/mol)/No, where 
No = Avogadro's number and F = 0.3262, H = 0.8760, Xlmc = 
0.6428, and IAI = 0.5022. The cutoff values Ym* = 0.5 and Y,* 
= 0.5 were also adopted. 

X m  

Figure 2. Same as Figure 1 except for the following: M = 8570, 
F = 0.4255, H = 0.9392, Ximc = 0.7158, and !AI = 0.5002. 

lections of M and the energy parameters are listed in the 
associated figure captions. The parameters g, F, and H 
were evaluated at  the critical composition XlmC for a given 
M and their variation with Xlm was neglected over the 
narrow composition range where the polymer solute un- 
dergoes the transition from very high to very low retention. 

I t  is apparent from Figures 1 and 2 that the transition 
from high to low retention gradually broadens with in- 
creasing CB. When C3 is sufficiently dilute the isotherms 
broaden relative to the linear isotherm at infinite dilution 
because of repulsive polymer-polymer intermolecular in- 
teractions which promote enhanced entry into the mobile 
(stationary) phase when the solute retention is high (low). 
At higher values of C3 the polymer solutions enter the 
semidilute region, considerable interpenetration of polymer 
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experiments probably would become more difficult with 
increasing M because the transition from completely re- 
tained to unretained polymer becomes increasingly 
abrupt- (see Figures 1 and 2) and selection of an opera- 
tional mobile-phase composition range becomes more 
difficult. 

In the domain of semidilute solutions where C, is large 
enough to render Bh(l + 4)C3/4M(l  + K,)  > Ym*, eq 37 
becomes ln K3 = In K3" + Ym*(8 - 9Ym* + 3Ym*2)(1 - 
Ym*)-3 + (9/5)(1 + Ym* + Y,*' - Ym*3)(l - Ym*)-3[(Ym/ 
Ym*)6/4 - 11 - (3Y, - 2Y,2)(1 - Y,)-' + In (1 - Y,). This 
result predicta that experimental In K3 vs. [C3/(l + K3)Jbf4 
plots a t  a fixed value of X1, should become linear as C3 
increases provided the mobile phase is sufficiently enriched 
in solvent 1 (the better polymer solvent) so that K3 << 1 
and YE - 0. In principle, chromatographic determination 
of the validity of the osmotic pressure scaling law1 for 
semidilute polymer solutions is possible. In practice, ex- 
perimental detection of the rather subtle scaling correction 
to the dependence of K3 on C3 would probably be ex- 
tremely difficult because the measurements ideally should 
be performed under conditions of very low retention and 
high values of Cs and this would again entail careful op- 
erational selection of the mobile-phase composition (see 
Figures 1 and 2). 

Measurement of the retention time at  higher polymer 
loadings may become complicated in the mobile-phase 
composition domain where the In K3-C3 isotherms broaden 
into a plateau-like region. In this region 0.1 < K3 < 10 (see 
Figures 1 and 2) and the polymeric solutes will spend an 
appreciable fraction of time in each chromatographic 
phase, and this will serve to broaden and perhaps distort 
the solute sample peak in the chromatogram and cause 
ambiguity in the determination of the retention time. 

Finally the preceding analysis can be applied to a single 
solvent-polymer solute system. For a single-solvent system 
temperature variation must be utilized to monitor the 
transition from low to high solute retention. Since the 
operational temperature range of HPLC is somewhat lim- 
ited, the solvent-polymer system must be judiciously se- 
lected to provide a transition temperature within the al- 
lowed range. The expression for the capacity factor is 
obtained from eq 37 by setting X1, = X1, = 1 and by 

K3- 'Y exp[M(Ae(l,3;s)/kTc)(1 - Tc/T) X 

where for a cubic lattice 

using3 

(1 + (6Al(1)613(A~(1,3;~))-1 - l))] 

Tc-l = Tc"-l + a'M-112 + b'M-415 + c'M-1 

with 
T," = -Ae(l,3;s)/(k In (5/4)) Ae(1,3;s) < 0 

and 
Al(') = Ac(1,3;s)/6a13 + d'M-'I2 + e'M4f5 + f'M-' 

where the coefficients a', b', c', d', e', and f'are functions 
of xlFm = -6613/kTc and c'also has a weak M dependence. 
Explicit results for these coefficients are given by eq 36 
and 43 of ref 3. 
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ABSTRACT Configuration partition functions have been formulated for the formation of regular /3 meanders 
by homopolypeptides. A regular /3 meander is a segment of pleated sheet containing three antiparallel strands 
that are of the same length and in register. The strands are assumed to be connected by tight bends. Generator 
matrix formalism is used to assess the mean square unperturbed radii of gyration. Radii of gyration of short 
chains decrease upon formation of /3 meanders. The extent of the reduction is determined primarily by the 
number of the residues in the /3 meanders; it is only slightly dependent upon the cooperativity of the ordering 
process. For long chains, however, the dimensions are strongly dependent on the cooperativity. At any degree 
of polymerization, the lowest dimensions are obtained at high fi  meander content and low transition cooperativity. 
Unperturbed mean square radii of gyration are examined for chains containing the same number of residues 
as chicken and T4 lysozymes. Squared radii of gyration decrease by about 10% when each chain contains 
average /3 meanders similar to those found in the conformations adopted by these proteins in the cystalline 
state. 

Helices' and pleated sheets2 are two types of ordered 
structures commonly found in proteins and synthetic po- 
lypeptides. While both structures have been subjects of 
numerous investigations, the process of helix formation is 
much better understood than is the origin of the pleated 
sheet? The helix-coil transition in homopolypeptides can 
be studied in dilute solution by classic techniques used to 
provide a physical characterization of macromolecules.4~s 
Comparable studies of homopolypeptides undergoing 
pleated sheet formation proceed with much greater dif- 
ficulty because aggregation usually accompanies formation 
of this ordered structure.6J 

Backbone hydrogen bonding in the classic (Y helix' al- 
ways occurs between amino acid residues i and i + 4. 
However, if amino acid residue i is in a pleated sheet, it  
might be hydrogen bonded to virtually any other amino 
acid residue in the polypeptide chain. Consequently a 
theoretical description of the helix-coil transition can focus 
on interactions of comparatively short range, but a com- 
prehensive treatment of pleated sheet formation must 
address potentially important interactions of much longer 
range. For this reason the theory of pleated sheet for- 
mation remains in a rather rudimentary form while he- 
lix-coil transition theory has become quite s~phisticated.~ 

The situation just described is brought well into focus 
by consideration of a specific example. Poly(L-glutamic 
acid) undergoes a pH-induced helix-coil transition in 
aqueous media. The intrinsic viscosity a t  the midpoint 
of the transition is significantly lower than that of either 
the helical or completely disordered form.5 This obser- 
vation implies that the mean square radius of gyration 
must pass through a minimum as the conformational 
transition occurs. Theoretical support has been provided 

for this conclusion. Using helix-coil transition theory: the 
measured unperturbed dimensions of disordered homo- 
polypeptides containing CH2R side chainsgJO and generator 
matrix formalism," Miller and Flory12 were able to show 
that a minimum in the unperturbed dimensions would 
occur if the cooperativity parameter, u, was not too small. 
The change in unperturbed dimensions has been analyzed 
in terms of the principal momenta of the gyration tensor.13 
Poly(L-glutamic acid) can also form a /3 structure in 
aqueous solution,14 but detailed studies are not available. 
On the one hand, experimental characterization is rendered 
difficult by aggregation. On the other hand, theoretical 
computation of the unperturbed dimensions is made dif- 
ficult by the important role played by long-range inter- 
actions. 

The objective here is characterization of changes in the 
mean square radius of gyration upon formation of a specific 
type of pleated sheet in homopolypeptides. Restriction 
to a special class of pleated sheet is required so that con- 
sequences of important long-range interactions can be 
handled in a satisfactory manner. The pleated sheet dealt 
with here is among those described by Schultz15 as a /3 
meander. A /3 meander is a sheet comprised of three an- 
tiparallel strands. The p meander has been identified in 
crystal structures of several proteins, including both 
chicken16 and T417 lysozyme. A further restriction that 
the three strands be in register and connected by tight 
turns will be imposed here. 

Given these restrictions, one can evaluate the manner 
in which the mean square unperturbed radius of gyration 
depends on pleated sheet content for homopolypeptides 
of varying degree of polymerization. Several aspeds of the 
calculations are of particular interest. The first objective 
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